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This paper is concerned with the ergodic subspaces of the state spaces of isolated quantum systems.
We prove a new ergodic theorem for closed quantum systems which shows that the equilibrium state
of the system takes the form a of grand canonical density matrix involving a complete commuting set
of observables including the Hamiltonian. The result obtained, which is derived for a generic finite-
dimensional quantum system, shows that the equilibrium state arising from unitary evolution is
always expressible in the canonical form, without the consideration of a system-bath decomposition.
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Given the Hamiltonian Hˆ and the initial state |ψ0〉 of








of an observable Oˆ when the state |ψt〉 = e−iHˆt|ψ0〉 of the
system evolves unitarily? Is there an equilibrium density
matrix ρˆ, with a thermodynamic characterisation, such
that the average is given by 〈〈Oˆ〉〉 = trρˆOˆ ?
In the case of a classical system, if the Hamiltonian evo-
lution is ergodic, i.e. with the property that any small
neighbourhood of an arbitrary point on the energy sur-
face of the phase space will be traversed under the dy-
namics, then the theorem of Koopman, von Neumann,
and Birkhoff shows that the dynamic average can be re-
placed by a statistical average [1]. If the system consists
of a large number of interacting particles, then the dy-
namic average is intractable, whereas the statistical av-
erage in many cases can be calculated.
In the case of quantum systems, while the equilibrium
properties of small subsystems of large systems have been
investigated extensively [2, 3, 4, 5, 6, 7, 8, 9, 10, 11],
less attention has been paid to the equilibrium states
arising as a consequence of the unitary evolution of closed
systems. The purpose of this paper is to investigate such
systems and to derive rigorous results concerning (a) the
dynamic averages of observables, and (b) the associated
equilibrium states.
We consider an isolated quantum system based on a
Hilbert space of dimension n + 1, with a generic, non-
degenerate Hamiltonian Hˆ (the degenerate case will be
considered later). We write {Ei}i=0,1,...,n for the energy
eigenvalues, and ωij = Ei − Ej for the eigenvalue differ-
ences. The normalised energy eigenstates will be denoted
{|Ei〉}i=0,1,...,n, with the associated projection operators
{Πˆi}i=0,1,...,n. We write |ψ0〉 for the initial state, and
{|ψt〉}0≤t<∞ for its unitary evolution under the influence
of Hˆ . With these definitions at hand, the main result
can be expressed as follows:
Quantum ergodic theorem. The dynamic average of











and Z(β, {µk}) = tr exp(−βHˆ −
∑
k µkFˆk). Here Hˆ to-
gether with {Fˆk}k=1,...,n−1 constitute a complete set of
commuting observables. The effective inverse tempera-









where E = trρˆHˆ, and Fk = trρˆFˆk. The entropy S =




pi ln pi, (4)
with pi = |〈ψ0|Ei〉|2.
The appearance of the grand canonical density matrix
(2) is surprising, since this structure normally arises with
the consideration of the equilibrium thermodynamics of
a small system immersed in a thermal bath. Indeed, the
canonical form ρˆ = exp(−βHˆ)/Z(β) is known to appear
in the case of a system in a thermal bath for an over-
whelming majority of wave functions of the total sys-
tem [10, 11]. Equation (2) is a stronger result, valid in
the case of a closed system, involving no approximations
and no invocation of the thermodynamic limit.
To determine the equilibrium states of a closed quan-
tum system we need to identify the subspaces of the
quantum state space over which a generic time evolution
will exhibit ergodicity. The idea is that under unitary
evolution in a Hilbert space of dimension n+1 there are
in general n linearly independent conserved observables
that commute with the Hamiltonian, one of these being
the Hamiltonian itself. By fixing the expectation values
2of these conserved quantities we are left with a set of n
exogenously specifiable relative-phase degrees of freedom
for the state vector that span the ergodic subspace of the
state space associated with the given initial state.
We shall show that the equilibrium state corresponds
to a uniform distribution over the toroidal subspace of
the quantum state space spanned by the relative phases.
The equilibrium distribution is characterised, in partic-
ular, by the density of states Ω, which is the volume of
the state space constrained to the toroidal subspace. The
associated density matrix ρˆ is given by the von Neumann-
Lu¨ders state; that is to say, the diagonal matrix in the
energy basis with the elements pi = |〈ψ0|Ei〉|2. This
might be surprising, since such a state arises most nat-
urally in the context of measurement theory, where it
describes the state of a system after an energy measure-
ment has been performed. The result is consistent with
the fact that the time average of the dynamics of the
density matrix under unitary evolution is given by the
von Neumann-Lu¨ders state. It follows that the dynamic
average (1) of an arbitrary observable Oˆ is given by trρˆOˆ.
To identify the ergodic subspaces of the quantum state
space and to calculate the associated density of states,
we first consider the example of a two-level system, with
n = 1. The one-parameter family of states generated by
unitary evolution can be written in the form
|ψt〉 = cos 12 θ|E1〉+ sin 12 θ ei(φ+ω10t)|E0〉, (5)
where 0 ≤ θ ≤ pi and 0 ≤ φ < 2pi. The pure state space
has the geometry of a sphere, and unitary evolution gives
rise to a rigid rotation of the sphere around the axis de-
termined by the two energy eigenstates. Given the initial
state |ψ0〉, the dynamical trajectory is the latitudinal cir-
cle on which |ψ0〉 lies. The circle is fixed by setting the
initial energy E of the system, which is the only con-
served quantity. Every point on the latitudinal circle is
traversed by the dynamical trajectory, which makes this
circle the ergodic subspace of the state space. The dy-
namic average of an observable can thus be replaced by
the ensemble average with respect to a uniform distribu-
tion over the circle.
To calculate the density of states we compute the
weighted volume in the pure state manifold occupied by
the states having the given property. In general, if we
have a set of conserved quantities {Gj}j=1,... given by




δ(〈ψ|Gˆj |ψ〉 −Gj)dVψ , (6)
where the integration is over the space of pure states and
dVψ is the associated volume element. In the case of
a two-level system the ergodic circle is chosen by fixing
the expectation of the Hamiltonian: E = 〈Hˆ〉. In terms
of the spherical coordinates (θ, φ) of (5), the constraint
can be written in the form (E1 − E0) cos2 12 θ = E − E0.
We thus integrate δ(cos2 12 θ− (E −E0)/(E1 −E0)) over
the pure state manifold. Since the volume element is
dV = 14 sin θdθdφ, the resulting density of states is
Ω(E) =
pi
E1 − E0 (7)
for E0 < E ≤ E1, and Ω(E) = 0 otherwise.
We proceed to calculate the density of states for n = 2.
In this case there are two conserved quantities: E = 〈Hˆ〉
and F = 〈Fˆ 〉, where the observable Fˆ commutes with Hˆ ,
but is not of the form aHˆ + b1ˆ. The calculation for the
density of states simplifies if we use an equivalent but al-
ternative constraints obtained by fixing the expectation
values of two of the energy projectors, say, p0 = 〈Πˆ0〉
and p1 = 〈Πˆ1〉. It follows from the resolution of identity
that p2 = 〈Πˆ2〉 = 1 − p0 − p1. The unitary trajectory
can be written in the form |ψt〉 = sin 12 θ1 cos 12 θ2|E2〉 +
sin 12 θ1 sin
1
2 θ2 e
i(φ1+ω21t)|E1〉 + cos 12 θ1 ei(φ2+ω20t)|E0〉,
and in terms of the spherical coordinates the two con-
stants of motion are given by cos2 12 θ1 = p0 and
sin2 12 θ1 sin
2 1
2 θ2 = p1, which fix the variables θ1, θ2.
Therefore, under a generic unitary evolution the ergodic
subspace of the quantum state space is the two-torus
T 2 spanned by φ1, φ2. The density of states is obtained
by integrating δ(cos2 12 θ1 − p0)δ(sin2 12 θ1 sin2 12 θ2 − p1)
over the pure state manifold, with the appropriate vol-
ume element, which in this case is dV = 132 sin θ1(1 −
cos θ1) sin θ2dθ1dθ2dφ1dφ2. Performing the relevant in-
tegration we find that
Ω(p0, p1) = pi
2 (Θ(p0)−Θ(p0 + p1 − 1))
× (Θ(p1)−Θ(p1 − 1)) , (8)
where Θ denotes the Heaviside function. Therefore,
Ω(p0, p1) = pi
2 in the triangular region {0 < p0, p1 ≤
1} ∩ {0 < p0 + p1 ≤ 1}, and Ω(p0, p1) = 0 otherwise.
In the case of a general (n + 1)-level system there are
n conserved quantities associated with unitary dynam-
ics. It follows that under a generic time evolution for
which the eigenvalue differences {ωij} are incommensu-
rate the typical ergodic subspace of the quantum state
space is given by an n-torus T n. To calculate the density
of states Ω(p0, · · · , pn−1) we fix the constraints 〈Πˆi〉 = pi
(i = 0, . . . , n − 1), express these in terms of the coordi-
nates (θi, φi), and perform the constrained volume inte-
gral over the pure state manifold by using the volume








Ω(p0, · · · , pn−1) = pin (9)
in the hyper-triangular region {0 < p0, . . . , pn−1 ≤ 1} ∩
{0 < p0 + · · ·+ pn−1 ≤ 1}, and Ω(p0, · · · , pn−1) = 0 oth-
erwise. We see that irrespective of the Hilbert space di-
mensionality the density of states in the hyper-triangular
region is a constant that is independent of the energy E
and the conserved quantities {Fk}k=1,...,n−1.
3The analysis above leads to the following observation.
Since for each n we have identified the ergodic subspaces
of the state space, we are able to apply Birkhoff’s the-
orem to conclude that the dynamic average of an ob-
servable can be replaced by the statistical average of the
observable with respect to an equilibrium state given by
a uniform distribution over a toroidal subspace T n of the
state space. As a function of E the density of states is
zero for E ≤ E0 or E > En and is proportional to pin for
E0 < E ≤ En.
To compute the expectation of a quantum observable
Oˆ we determine the density matrix associated with the
equilibrium distribution over the state space. We remark
in this connection that the density matrix associated with
a probability density function on the pure state manifold
is the expectation of the pure-state projection operator
with respect to that density function. Now in the energy







Thus, the diagonal elements pi of the pure state
projector are real, whereas the off-diagonal elements√
pipj e
i(φi−φj) contain phase factors. The equilibrium
distribution has fixed values for the {pi} and a uniform
distribution over the phase variables. It follows that if
we take the uniform average of the projector |ψ〉〈ψ| over
the phases, the off-diagonal elements drop out and we are
left with the von Neumann-Lu¨ders state ρˆ =
∑n
i=0 piΠˆi.
The appearance of the von Neumann-Lu¨ders density
matrix as the equilibrium state is consistent with the
fact that the dynamic average of the density matrix is
itself given by the von Neumann-Lu¨ders state. This can







































We thus conclude that the dynamic average of an ob-
servable Oˆ is given by trρˆOˆ, where ρˆ =
∑n
i=0 piΠˆi. This
representation of the density matrix, however, does not
make the thermodynamic properties of the equilibrium
state immediately apparent. We recall in this connection
that under unitary evolution there is a commuting family
of n linearly independent observables, and for each such
observable there is a conjugate variable. In the case of
the energy the conjugate variable has the interpretation
of the inverse temperature. For the other observables
the associated conjugate variables can be interpreted as
chemical potentials. This suggests that the equilibrium
state arising from unitarity and ergodicity might be of a
grand canonical type. Indeed, letting E denote the en-
ergy and {Fk} the other commuting observables, we can
express the derivative of the von Neumann entropy (4)
in the form of a thermodynamic relation:




where β is the effective inverse temperature and {µk}
are the effective chemical potentials. These variables are
determined by (3).
On the other hand, the expectation values of the com-










where, for each k, the {fki }i=0,...,n are the eigenvalues of
Fˆk. This shows, on account of the linear independence
of the observables and nondegeneracy of their eigenval-
ues, the equivalence of the specification of either (i) the
initial state |ψ0〉 up to relative phases, (ii) the probabil-
ities pi = |〈ψ0|Ei〉|2, (iii) the expectation values E and
{Fk}k=1,2,...,n−1, or (iv) the conjugate variables β and
{µk}k=1,2,...,n−1. We can therefore ask how the equilib-
rium density matrix ρˆ =
∑n
i=0 piΠˆi can be expressed
in terms of the “extensive” variables E and {Fk}, or in
terms of the conjugate variables β and {µk}.
For the various representations of the density matrix
we consider first the two-level system. In this case we
solve the relations p0 + p1 = 1 and p0E0 + p1E1 = E for










Computing the entropy S = −trρˆ ln ρˆ and using the re-
lation dS = βdE we can calculate the effective inverse
temperature as a function of E. The result is
β(E) =
1













Expression (16) however is the expectation of the energy
with respect to the standard canonical density matrix.










4where Z(β) = e−βE0 + e−βE1 . The point here, however,
is that the effective inverse temperature β is not intro-
duced exogenously through the specification of a fixed
heat bath. Rather, it is defined endogenously, through
the specification of the energy of the equilibrium state
associated with the given initial state.
In the case of a three-level system, the diagonal ele-
ments {pi}i=0,1,2 of the density matrix are given in terms
of E and F by solving the equations p0 + p1 + p2 = 1,
p0E0 + p1E1 + p2E2 = E, and p0f0 + p1f1 + p2f2 = F .
We compute the associated entropy and use it to obtain
the expressions for the conjugate variables by use of the
relations β = ∂S/∂E and µ = ∂S/∂F . Then after a
lengthy but straightforward calculation one can express












i exp(−βEi − µfi). In deriving (18) we
have used the fact that the diagonal elements of the
density matrix can be expressed as linear functions of
the constraint variables E and F . In particular, writing














i biFi = 1.
By pursuit of this line of argument we deduce more
generally that the equilibrium state is given by the grand
canonical density matrix (2). The effective inverse tem-
perature β appearing in the expression, however, is not
associated with an external heat bath, but rather is in-
trinsic to the system. This also applies to the effective
chemical potentials {µk}.
In the case of a degenerate Hamiltonian, the ergodic
subspace of the state space is contracted to a smaller
torus T m ⊂ T n, where m + 1 is the number of distinct
energy eigenvalues. This follows from the fact that since
some of the eigenvalue differences ωij vanish, only m of
the n relative phases for the unitary trajectory |ψt〉 vary
in time. As a consequence, we need only to considerm−1
independent observables {Fˆk} whose eigenspaces coincide
with that of the Hamiltonian. In other words, there are
only m terms, given by Hˆ and {Fˆk}k=1,...,m−1, in the
exponent of (2) for the grand canonical density matrix.
As an example consider the case of a three-dimensional
Hilbert space where the energy eigenvalues are given by
E0, E1, and E1. The elements of the density matrix are
p0 = (E1−E)/(E1−E0) and p1 = p2 = (E−E0)/2(E1−
E0). A short calculation making use of the relation dS =







which is the expectation of Hˆ with respect to the canon-
ical density matrix ρˆ = exp(−βHˆ)/tr exp(−βHˆ).
In general, for a large quantum system we expect the
energy spectrum to be highly degenerate. As a conse-
quence, the number of independent macro-observables
Hˆ and {Fˆk} required for the exact specification of the
equilibrium density matrix is reduced. Further reduc-
tion in the number of macro-observables for the specifi-
cation of the equilibrium state is possible at the expense
of introducing approximations. In particular, since the
observables {Fˆk}k=1,...,m−1 share the same eigenspace as
Hˆ , they can be regarded as functions Fˆk = Fk(Hˆ) of
the Hamiltonian (e.g., different moments of Hˆ), and in-
dependent specifications of all of these observables might
be approximately redundant in practice. In that case,
the specification of a small number of macro-observables
in the form of a grand canonical density matrix (2) will
provide an adequate description of the equilibrium state.
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